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TO THE MEMORY OF ABDELLAH BEN REBEA 
We present a polynomial-time algorithm to recognize claw-free perfect graphs. 
The algorithm is based on a decomposition theorem elucidating the structure of 
these graphs. 0 1988 Academic Press, Inc. 
1. THE RESULT 
Many theorems elucidate the structure of objects in some class (2? by 
showing that every object in W can be decomposed in a specified way into 
specified “primitive” objects in %‘. One of the oldest and best known exam- 
ples asserts that every finite abelian group is a direct product of primitive 
cyclic groups; examples in combinatorics include Seymour’s decomposition 
of regular matroids [S], and Burlet and Fonlupt’s decomposition of 
Meyniel graphs [ 11. The purpose of this paper is to present such a theorem 
for the class of claw-free perfect graphs, and to point out that the theorem 
yields a polynomial-time algorithm for recognizing these graphs. 
We need to define a few terms. A claw is the graph consisting of vertices 
w, x, y, z and edges wx, wy, wz; a graph is called claw-free if none of its 
induced subgraphs is a claw. (All the subgraphs in this paper will be 
induced.) Claude Berge proposed to call a graph perfect if, for each of its 
induced subgraphs F, the chromatic number of F equals the largest number 
of pairwise adjacent vertices in F. It is easy to see that a graph is perfect 
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only if it contains neither a chordless cycle of length at least five nor the 
complement of such a cycle. Berge conjectured that the converse holds as 
well; this conjecture, known as the Strong Perfect Graph Conjecture, 
remains open. A chordless cycle of length at least four is often called a hole, 
and the complement of such a cycle is called an antihole. We propose to 
call a graph Berge if it contains neither an odd hole nor an odd antihole; in 
this terminology, the Strong Perfect Graph Conjecture asserts that a graph 
is perfect if and only if it is Berge. A clique in a graph is a set of pairwise 
adjacent vertices; a stable set is a set of pairwise nonadjacent vertices; the 
largest size of a stable set in G is denoted by or(G). 
Parthasarathy and Ravindra [7] proved the Strong Perfect Graph Con- 
jecture for claw-free graphs: a claw-free graph is perfect if and only if it is 
Berge. Abdellah Ben Rebea designed a polynomial-time algorithm to 
recognize claw-free Berge graphs. He explained to his colleagues in 
Grenoble how detecting an odd antihole in a claw-free graph is easy when 
the graph contains no odd hole. However, before he had the opportunity to 
disclose his labeling method for detecting odd holes in claw-free graphs, he 
died in a car accident. 
BEN REBEA'S LEMMA. Let G be a connected claw-free graph with 
a(G) 2 3. If G contains an odd antihole then it contains a hole of length five. 
Even though our own starting point was different, Ben Rebea’s lemma 
found its way into our result; we shall present its proof in Section 2. 
Let us call a graph elementary if its edges can be coloured by two colours 
in such a way that edges xy and yz have distinct colours whenever x and z 
are nonadjacent. It is easy to see that every elementary graph is claw-free 
Berge, but many claw-free Berge graphs are not elementary; the smallest 
such graph is shown in Fig. 1. Nevertheless, this graph has several clique- 
cutsets, defined as cliques whose removal disconnects the graph. This 
observation led us eventually to the following result. 
THEOREM 1. A claw-free graph G with no clique-cutset is Berge if and 
only if it has at least one of the following properties: 
(a) G is elementary, 
(b) a(G) 2 3 and G contains no hole of length at least five. 
FIGURE 1 
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FIGURE 2 
Property (b) cannot be dropped from this theorem: Fig. 2 shows a claw- 
free graph with no clique-cutset that is Berge but not elementary. [In Sec- 
tion 5, we shall refine Theorem 1 by substituting a complete description of 
G for (b).] 
The “if’ part follows easily from Ben Rebea’s lemma: every connected 
claw-free graph with property (b) is Berge. (Since the empty set is a clique, 
every graph with no clique-cutset is connected.) The “only if’ part will be 
proved in Section 4. 
In the remainder of this section, we shall explain how Theorem 1 yields a 
polynomial-time algorithm to recognize claw-free Berge graphs. Let us 
begin in a more general context: % is any class of graphs closed under tak- 
ing induced subgraphs, and %‘* is the class of graphs defined recursively by 
setting GE%‘* if either GE %? or else G has a clique-cutset and all the 
proper induced subgraphs of G are in %‘*. Sue Whitesides [lo] showed 
that membership in V* can be tested in a polynomial time as soon as a 
polynomial-time algorithm for testing membership in %’ is available. (Here, 
as usual, “polynomial” means polynomial in n, the number of vertices.) To 
make our exposition self-contained, we shall now present her argument 
(with slight modifications). First, the following algorithm, given a graph G, 
decides whether GEM?* or not. 
Step 0. Put G on a waiting list. 
Step 1. If the waiting list is empty then announce “GEM*” and stop; 
else remove an arbitrary graph H from the waiting list. 
Step 2. If H has a clique-cutset then its set of vertices splits into disjoint 
sets V, , V,, C such that C is a clique, V, and V2 are nonempty, and no 
edge has one endpoint in each Vi. In this case, put H - V, and H - V2 on 
the waiting list and return to Step 1. 
Step 3. Now H has no clique-cutset. If HE q then return to step 1; else 
announce “G 4 %‘*” and stop. 
Next, graphs passing through the waiting list may be thought of as 
nodes of a binary tree, with G being the root and H - V, , H - V, in Step 2 
being the children of H. Trivially, the number of nodes in this tree equals 
the number of iterations of the algorithm; as shown by Gavril [4], this 
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number does not exceed n2. (Actually, Gavril was working in the restricted 
context of “clique-separable” graphs, but his argument is perfectly general. 
The trick, slightly modified, is to label each internal node H of the tree by a 
pair of vertices xi, x2 such that X~E Vi. It is easy to show that distinct 
nodes must have distinct labels.) Now we only need implement Step 2 in 
such a way that each of it executions requires only a polynomial time. For 
this purpose, we may use the algorithm designed by Whitesides [9] that, 
given a graph G with n vertices and m edges, takes only 0 (mn) steps to 
find a clique cutset in G or to show that there is none. 
To lit the problem of recognizing claw-free Berge graphs into this 
paradigm, let %? stand for the class of all claw-free graphs H such that each 
connected component G of H has at least one of properties (a), (b) 
featured in Theorem 1; now we only need verify that 
(i) w  is closed under taking induced subgraphs, 
(ii) a polynomial-time algorithm for testing membership in %? is 
available, 
(iii) a claw-free graph is Berge if and only if it belongs to ‘%‘*. 
To verify (i), observe that each induced subgraph of an elementary graph 
is elementary; thus, we only need show that each induced subgraph F of a 
connected claw-free graph G with property (b) has at least one of proper- 
ties (a), (b). For this purpose, recall that G is Berge by Ben Rebea’s lemma, 
and so F is Berge; in addition, if F fails to have property (b) then a(F) 6 2. 
But Berge graphs F with u(F) d 2 are precisely the complements of bipar- 
tite graphs, and therefore elementary: when the set of vertices of F is split 
into two disjoint cliques, we may colour an edge red if its two endpoints 
are in different cliques, and green otherwise. 
To verify (ii), note first that elementary graphs can be recognized in a 
polynomial time. More precisely, G is elementary if and only if a certain 
graph H, easily constructible from G, is bipartite: vertices of H are edges of 
G, and two vertices of H are adjacent if and only if they are edges xy, yz of 
G with x and z nonadjacent in G. (Incidentally, H is precisely the graph 
that has been studied by Gallai [3] in his work on comparability graphs.) 
Now we only need observe that holes of length at least live can be detected 
in a polynomial time. Actually, this observation has been made by Ryan 
Hayward [6]; the argument goes as follows. We only need find out, for 
each fixed pair of edges xy, yz such that x and z are nonadjacent, if XJJ and 
ye extend into a hole of length at least five; this may be done by testing 
whether x and -7 belong to the same connected component of the graph 
arising from G by deleting all the common neighbours of x and z as well as 
all the neighbours of y except x and I. 
Finally, (iii) follows from Theorem 1 by an easy induction on the 
number of vertices. 
58?b/44/2-3 
158 CHVATAL AND SBIHI 
2. A PROOF OF BEN REBEA'S LEMMA 
Throughout the remainder of this paper, we shall let E stand for the set 
of edges of G. 
Let G satisfy the hypothesis of the lemma, and let it contain an odd 
antihole A. Label the vertices of A as ur, II?,..., uZk+, in such a way that 
viui+ , #E for all i (with v Zk + z = u1 as usual); we may assume that k > 3, for 
otherwise A is a hole of length five. Let Q stand for the set of all vertices v 
such that A u { ~3 contains a stable set of size three. First, we propose to 
show that 
no vertex in Q has a neighbour in A. (1) 
For this purpose, consider an arbitrary vertex v in Q; symmetry allows us 
to assume that vvz. 4 E and vu3 $ E; now we must have vu,$ E for all 
i = 5, 6,..., 2k+ 1 (else U~VD~V~ is a claw), and so vv4$ E (else v4vv6v, is a 
claw) and vu1 $ E (else v1vvgv6 is a claw). Thus (1) is proved. 
Next, we propose to strengthen (1) by showing that 
Q=D 
To prove (2), assume the contrary; now, as G is connected, some edge of G 
joins a vertex u in Q to a vertex w  outside Q. By (1 ), we must have II) $ A; 
since w  # Q, symmetry allows us to assume that WV, E E. Now we must have 
WD* q! E (else wuulo2 is a claw), and then wv3 EE (else w  E Q); repeated 
applications of this argument show that WOVE E whenever i is odd. But then 
wvv r vZk + , is a claw, a contradiction. 
Now we shall distinguish between two cases. 
Case 1. Some vertex in A is in a stable set of size three. 
Symmetry and (2) allow us to assume that u1 and some wr, w2 outside A 
are pairwise nonadjacent. By (2), we must have wr v2 E E and w2 v2 E E; now 
w1 uj 4 E or w2u3 4 E or both (else U~D, w, w2 is a claw); symmetry allows us 
to assume that wr u3 $ E. Now (2) implies W~V~E E; next, we must have 
w,v,$E (else v4uIw1wZ is a claw), and so w,v,~E by (2). But then 
v1v4v2w2v3 is a hole of length five. 
Case 2. No vertex in A is in a stable set of size three. 
Since cl(G) > 3, there are pairwise nonadjacent vertices w,, w2, w3 outside 
A. Write v E Mj if v E A and vwj$ E; by assumption of this case, 
M,, M?, M, are pairwise disjoint; furthermore, each v in A belongs to 
some Mj (else UW, wZwj is a claw). By (2), all the vertices in A cannot 
belong to the same M, (else wj~ (2); it follows that some vi and v,+~ belong 
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to different sets M,; symmetry allows us to assume that vi EM, and 
u3 E M,. By (2), we must have u2w1 E E (else w, E Q) and uzw3 E E (else 
w3 E Q). But then u1 w3w1v2w3 is a hole of length live. 
3. PROOF OF THEOREM 1: A PREVIEW 
To prove the “only if” part of the theorem, consider an arbitrary claw- 
free Berge graph G; we have to prove that G has either a clique-cutset or 
one of the properties (a), (b). Actually, we may assume that G contains an 
even hole of length at least six: else G has either property (b) or cc(G) d 2, 
and so we are done. (In the latter case, G is the complement of a bipartite 
graph, and therefore elementary.) Thus, our task reduces to proving that 
every claw-free Berge graph G that contains a hole of length at least six 
must either be elementary or else contain a clique-cutset. 
A promising lead seemed to be the clique-cutset finding algorithm of Sue 
Whitesides [9]: if this algorithm fails to find a clique-cutset in G then it 
unravels a certain structure in G that might be useful in showing that G is 
elementary. The structure consists of a sequence G,, G1,..., G, of induced 
subgraphs of G, nested in the sense that 
G,cG,c ... cG,=G. 
The first term G, is an arbitrarily chosen hole in G; each Gi+ i arises from 
G, by “adding a handle.” More precisely, in each Gi+ i there is a chordless 
path u,,ul “.uk+i such that u0 E G,, uk + 1 E Gi and such that u,, u2 ,..., u/i are 
precisely the vertices of Gi+ 1 - Gj. 
Our initial plan was to begin with the even hole G, of length at least six 
and to extend the colouring of its edges first to G,, then to G,, and so on 
until a colouring of G would be obtained. Ideally, the colouring of G, 
would extend to a colouring of G,, i in a unique way (and a failure to 
extend the colouring would lead to a discovery of an odd hole in Gi+ 1). It 
dit not work out that way, though. 
For example, consider either of the two graphs G in Fig. 3, where Go is 
the hole o1 v2 ... v6 and Gi = G-v arises from G, by adding the handle 
Y w  ” w  
FIGURE 3 
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u2 ~2)~. Here, edge u3 w  may be given either of the two colours in G, , even 
though it is forced to assume the colour of v3vq in the entire graph G. 
To investigate this anomaly, consider an arbitrary edge with one 
endpoint w  outside G, and the other endpoint, say v3, in Go. If WV* $ E 
then wu3 is forced to assume the colour of v,v,; if wuq 4 E then wv3 is forced 
to assume the colour of v2v3 ; what happens when wv2 E E and wv4 E E? 
Under the assumption (clarified in Section 4) that some vertex v is adjacent 
to precisely one of v3 and W, it turns out that G contains (as an induced 
subgraph) one of the two graphs shown in Fig. 4 with a = v1 , b = u2, c = I+, 
d= vq, or d= v2, c = v~, b = vq, a = v5. Observe that each of the two graphs 
is uniquely colourable, and that the edge bc of the hole G, is peculiar in the 
following sense: it extends to a larger clique (bcw), containing an edge (cw) 
whose colour differs from that of bc. This observation led us to call an edge 
bc of the even hole G, spec~ual if it is contained in one of the graphs of Fig. 4 
with a, b, c, de G,, and to call the other edges of G,, normal. It is easy to 
show that every normal edge of G, extends to a unique maximal clique in 
G. (Certain special edges of Go may also extend to a unique maximal clique 
in G: for instance, see vzv3 in the first graph of Fig. 3.) 
Now it turned out that, in the special case where 
each vertex outside G, has at least one neighbour in G,, (3) 
the colouring of G, may be extended to a colouring of G directly, without 
passing through the nested sequence Go, Gi,..., G,: the colour of each nor- 
mal edge e is assigned to all the edges of the unique maximal clique in G 
that contains e, and colours on the remaining “singular” edges of G are for- 
ced in one additional step. Next, it turned out that the same argument 
works even if G, is not a hole, as long as 
(i) each vertex in G, lies on some hole in G, of length at least six, 
(ii) no triangle in G, extends to a diamond in G, 
(iii) G, has no clique-cutset. 
Here, a diamond is the graph with four vertices and five edges, often 
denoted by K4 - e. (This part of the proof is presented in Section 4 as 
Lemma 2.) Finally, it turned out that G contains an induced subgraph G, 
with properties (i), (ii), (iii) and (3) as soon as it has no clique-cutset 
a b c da b c d 
FIGURE 4 
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(Lemma 1 of Section 4); in fact, if G has no clique-cutset then each of its 
maximal induced subgraphs GO with properties (i), (ii), (iii) must satisfy 
(3). 
4. PROOF OF THEOREM 1: THE DETAILS 
We shall often rely on the following fact. 
OBSERVATION 1. Let G be a claw-free Berge graph. If some vertex of G is 
adjacent to three consecutive vertices of a hole H of length at least six, then 
it is adjacent to no other vertices of H. 
The proof is routine and left to the reader. 
LEMMA 1. Let G be a claw-free Berge graph. If G contains a hole of 
length at least six, then either G has an induced subgraph F such that 
(i) each vertex of F lies on some hole in F of length at least six, 
(ii) no triangle in F extends to a diamond in G, 
(iii) F has no clique-cutset, 
(iv) each vertex outside F has at least one neighbour in F, 
or else G has a clique-cutset, 
Proof Let F be any maximal subgraph of G with properties (i), (ii), 
(iii); note that the hole of length at least six has these properties, and so F 
is nonempty. If (iv) holds then we are done; otherwise we shall find a cli- 
que-cutset in G. For this purpose, let Q be any component of the subgraph 
induced in G by all the vertices with no neighours in F, and let N be the set 
of all the vertices outside Q with at least one neighbour in Q. Trivially, N is 
a cutset separating Q from F; we claim that N is a clique-cutset. 
To justify this claim, we only need derive a contradiction from the 
assumption that N includes nonadjacent vertices u and w. Trivially, there is 
a chordless path uluz ..‘uk with u1 = v, u2, Us,..., ukP r E’ Q, uk = w  and 
necessarily k 2 3; let F* be the subgraph of G induced by all the vertices of 
F along with ui, u2,..., uk. The desired contradiction will be obtained by 
showing that F* satisfies (i), (ii), (iii) in place of F, and so F is not 
maximal. 
For this purpose, let K.y denote the set of neighbours of .X that belong to 
F; it will be useful to know that 
K, and K, are maximal cliques in F. (4) 
By symmetry, we only need show that K, is a maximal clique in F. Clearly, 
K, is a clique, for otherwise v along with u2 and two nonadjacent vertices 
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in K, would form a claw. In addition, K, is nonempty, for otherwise v 
would belong to Q. Next, K, cannot consist of a single vertex X, for 
otherwise x along with v and two nonadjacent neighbours of x in F (whose 
existence is guaranteed by (i)) would form a claw. Now K, must have at 
least two vertices, and so its maximality in F is guaranteed by (ii). 
Note also that 
K, Z K,. > (5) 
for otherwise any vertex in K, along with v, w  and any of its neighbours in 
F-K, would form a claw. 
To verify that F* satisfies (i) in place of F, we only need extend the path 
u1 z.+ ... uk into a hole of length at least live in F*. (Since G is Berge, the 
actual length of this hole will be even, and therefore at least six.) By (4), (5) 
and (iii), there is a path in F- (K, n K,) from K,- K, to K,- K,“; the 
shortest such path extends ur u2 . . uk into the desired hole. 
To verify that F* satisfies (ii) in place of F, we need consider only those 
triangles in F* that are not fully in F; these are VX.V with x, y E K, and wxy 
with x, y E K,; by symmetry, we may restrict our attention to the first kind. 
To put it differently, we only need derive a contradiction from the 
assumption that there are distinct vertices x, y, z with x, y E K, and z # v 
such that z is adjacent to x and to precisely one of v, y. For this purpose, 
recall that (i) guarantees the presence of a hole H in F of length at least six 
and passing through x. Since v must be adjacent to at least one of the 
neighbours of x on H (else there would be a claw centered at x), we may 
label the vertices of H as vr , vz,..., v2, in such a way that v2 = x and 
K, n H = (vz, v3). Now we shall distinguish between two cases. 
Case 1. z is adjacent to x and y, but not to v. 
Note that zvj E E (guaranteed by (ii) with xyv3 in case vj # y). We must 
have zvr E E (else vzvlvz is a claw), and so zvq $ E by Observation 1. But 
then v3vvqz is a claw, a contradiction. 
Case 2. z is adjacent to x and v, but not to y. 
Note that zv3 $ E (guaranteed by (ii) with xyv, in case v3 #y). We must 
have zvr E E (else v2vIzv3 is a claw) and zu2 E E (else vzuzvj is a claw), and 
so zvi $ E for all i = 4, 5,..., 2t (else zv,vz~z is a claw). But then 
is an odd hole, a contradiction. 
To verify that F* satisfies (iii) in place of F, we rely on an observation 
used by Sue Whitesides in [S]: we only need extend the path uluz. .. uk 
into a chordless path with both endpoints in F. By (4) and (5), there are 
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nonadjacent vertices uO in K, - K,, and uk + r in K, - K,; the desired path is 
uoul “.ukuk+ 1. 
LEMMA 2. Let G be a claw-free Berge graph. If G contains an induced 
subgraph F with properties (i), (ii), (iii), (iv) of Lemma 1, then G is elemen- 
tary. 
Proof. We propose first to colour the edges of F and then to extend this 
colouring to all the edges of G. Colouring F is easy, since F is the line- 
graph of a bipartite graph. (More generally, it is well known and easy to 
prove [S] that a graph is the line-graph of a bipartite graph if and only if it 
contains no claw, no odd hole, and no diamond.) Hence the edges of F 
may be coloured by two colours in such a way that the graph formed by all 
the edges of one colour consists of vertex-disjoint cliques. Clearly, these 
cliques are precisely the maximal cliques of F, by (i), each vertex of Flies in 
precisely two such cliques, one of each colour. 
In extending the colours from F to G, we may impose an additional 
restriction on G. Two vertices are called twins if they are adjacent and if no 
vertex distinct from both of them is adjacent to precisely one of them. If G 
includes twins x and y and if G-x is elementary then G is obviously 
elementary (to extend the colouring from G - x to G, we may give each xz 
with z # y the colour of yz; the colour of xy does not matter at all). 
Furthermore, F clearly includes at most one of the twins, and so the vertex 
to be deleted may be chosen from outside F. Repeating these deletions as 
long as possible, we eventually obtain a graph G, with no twins such that 
Fc G, c G, and such that GO is elementary if and only if G is. Thus, no 
generality is lost by assuming that 
G includes no twins; 
we shall adopt this hypothesis from now on. 
To proceed, we need a few terms and a few claims; the terms will be 
defined immediately, but the claims will be left unjustified till later. First, 
each maximal clique of F will be called either normal or special; this 
classification involves two six-point graphs H, and H,. Both have vertices 
a, b, c, d, v, w; the edges of H, are ab, bc, cd, va, vb, wb, WC, wd, VW and the 
edges of H, are ab, be, cd, va, vb, vc, wb, WC, wd. (See Fig. 4.) A maximal 
clique of F will be called special if it includes vertices b and c of an H, or 
an H, in G with a, b, c, d E F; else the clique will be called rzormal. 
CLAIM 1. Every normal clique is contained in a unique maximal clique 
of G. 
We shall let C(K) stand for the unique maximal clique of G that contains 
a normal clique K. 
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CLAIM 2. If K, and IS2 are distinct normal cliques the C(K,) and C(K,) 
are edge-disjoint. 
CLAIM 3. For each vertex x in G there is at least one normal clique K 
with x E C(K). 
We shall say that an edge x,x2 of G is singular if there is no normal 
clique K with x1 E C(K), x2 E C(K). 
CLAIM 4. Let x1 x2 be a singular edge. If K, , K2 are normal cliques with 
xi E C(K,), x2 E C(K,) then K, and K, have the same colour. 
CLAIM 5. If xlxz and x2x3 are singular edges then x, and x3 are 
adjacent. 
CLAIM 6. If K, and K2 are distinct normal cliques of the same colour 
then C(K,) and C(K2) are vertex-disjoint. 
The colouring of F will be extended into a colouring of G in two stages. 
In the first stage, we consider all the normal cliques K and, for each of 
them, give all the edges of C(K) the colour of K; Claim 2 guarantees that 
no edge will be given two colours. When this stage is over, the only 
uncoloured edges of G are singular. For each singular edge x1 x2, Claim 3 
guarantees the existence of a normal clique K such that C(K) intersects 
x1x2 ; Claims 3 and 4 guarantee that all such cliques K have the same 
colour; we shall give xlxz the other colour. (In particular, each singular 
edge with both endpoints in F will be given the colour it had originally.) Of 
course, we need verify that, for each triple of vertices x,, x2, xLi with 
xlxz E E, x2x3 E E, x1x3 #E, the two edges x1x2 and x2x3 have different 
colours. Claim 5 guarantees that at most one of these two edges is singular; 
if precisely one of them is singular then it was given the appropriate colour 
in the second stage of the colouring procedure; if neither of them is singular 
then the two have different colours by Claims 1 and 6. 
Now we only need prove the six claims; that will be done in the remain- 
der of this section. 1 
(From now on, N(x) stands for the set of neighbours of x.) We shall 
often rely on the following fact. 
OBSERVATION 2. For every vertex x of F, the subgraph induced in F by 
N(x) consists of two nonempty disjoint cliques with no edges between 
them. 
Again, the proof is routine and left to the reader. 
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Proof of Claim 1. Let K be any maximal clique of F that extends into at 
least two maximal cliques in G; we only need prove that K is special. For 
this purpose, choose any vertex u in K; by (i), some hole H in F passes 
through u and has length at least six; Observation 2 allows us to label the 
vertices of H as vi, v2 ,..., v2, in such a way that u2 = u and USE K. By 
assumption, some nonadjacent vertices u and w  are both adjacent to u2 and 
us. We must have uui E E or wvi E E or both (else vzv, uw is a claw); 
without loss of generality, we may assume that uu, E E. Mow uv4 $ E (by 
Observation l), and so wo4 E E (else v3vwu4 is a claw), and finally WV, $ E 
(by Observation 1). Hence K is special (with a= u,, b = v2, c= vj, 
d=v,). 1 
In what follows, we shall find it convenient to make certain auxiliary 
claims; these will be called Facts and proved without any delay. 
FACT 1. Let K,, K, be disjoint maximal cliques in F such that some 
vertex x of G is adjacent to all the vertices in K, u K2. ‘Then there is no 
edge .x,xz with x,EK,, x2~K2. 
Proof Assume the contrary and let K be the unique maximal clique of 
F that contains x,x2. By (i), some hole H in F passes through x1 and has 
length at least six; Observation 2 allows us to label the vertices of H as 
v i 3 v2,-., u2, in such a way that v2 E K,, uj = xi, v4 E K. By (ii), all the ver- 
tices in K are adjacent to x; now Observation 1 guarantees that vi x 4 E and 
v5x $ E. In particular, we must have v4 #x2 (else v5 E K2 by Observation 2, 
and so v5x E E). For each vertex v in K, - x2, Observation 2 guarantees 
that vu3 $ E and vv4 # E; now we must have vu2 E E (else xuvz v4 is a claw), 
and so vvi E E (else v2vu1 v3 is a claw). But then the diamond v1u2ux con- 
tradicts (ii). 1 
FACT 2. If K, and K, are disjoint normal cliques then C(K,) and C(K,) 
share at most one vertex. 
ProoJ: Assume the contrary: C(K,) and C(K,) share at least two distinct 
vertices x and y. Since x and y are not twins, we may assume that xz E E, 
yz$ E for some z other than y. Since yz$ E, we have z$ C(K,); now 
Claim 1 guarantees that z is nonadjacent to some x1 in K,. Similarly, z is 
nonadjacent to some x2 in K2. By Fact 1, we have xlxz & E. But then 
xzx,x2 is a claw, a contradiction. 1 
FACT 3. Let H be a hole in F of length at least six with vertices 
01, v2,-., v2*. If there are adjacent vertices u and w  such that vu1 E E, vu2 E E, 
vv3$ E and wv,~E, wvJ E E, WV,EE then N(v)nH= {v,,v2} and 
NW) n H= (~2, ~3, ~4). 
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ProoJ: Observation 1 implies that N(w) n H = (u2, vj , u4 1. Now uv, $ E 
for all i = 5, 6,..., 2t - 1 (else VII, wzli is a claw). Finally, we must have vu4 $ E 
(else v4v3v5v is a claw) and so vvzr $ E: else 
vwv4 . . vzt 
is an odd hole. 1 
Proof of Claim 2. Assume the contrary: there are normal cliques K,, K2 
such that C(K,) and C(K,) share at least two vertices. By Fact 2 we may 
assume that K, and K, intersect; Observation 2 guarantees that the inter- 
section consists of a single vertex U. By (i), some hole H in F passes 
through u and has length at least six; Observation 2 allows us to label the 
vertices of H as vr, vz ,..., vzI in such a way that o2 E K,, v3 = u, vq E K2. By 
assumption, C(K,) n C(K,) includes a vertex w other than v3. Since v3 and 
w are not twins, we may distinguish between two cases. 
Case 1. VW E E and vv3# E for some v other than v3. We must have 
vvz E E or vu4 E E or both (else wvvzv4 is a claw); by symmetry, we may 
assume that uv2 E E. Now vu1 E E (else v2v1vv3 is a claw). But then Fact 3 
implies that K, is special (with a = vr, b = u2, c = z)~, d= v4), a contradic- 
tion. 
Case 2. VW $ E and vu3 E E for some v other than w. Since VMJ$ E, 
Claim 1 guarantees that v $ C(K,) and v $ C(K2). Therefore vu1 4 E and 
vu4 $ E. But then v3 v2v4v is a claw, a contradiction. [ 
FACTS. Let v1v2~~~v2r be a hole of length at least six and let v, w be 
adjacent vertices with zjvl E E, VV~E E, vv3$E, wvl +! E, MW~E E, WV~E E. 
Then vvzr E E or wv4 E E. 
Proof: Assume the contrary: vvzr $ E and wv4 $ E. Since 
VI vwv3 . . . vzt 
cannot be a hole, we must have VV,E E or wvi E E or both for some 
i = 4, 5,..., 2t. Symmetry allows us to assume that WII~E E for some 
i = 4, 5,..., 2t; let i be the smallest such subscript; by assumption, i > 5. Now 
we must have uuI E E (else wvv3vi is a claw), and vv,+ 1 +! E (else vu1 ui- I w is 
a claw). But then 
VV~V, . . . vi and WV~V‘$~~~V, 
are both holes (else there would be a claw centered at v; one of these holes 
must be odd, a contradiction. 1 
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For i = 1, 2, we shall define Tj as the set of all ordered pairs (s, t) of 
vertices or which some Ni (see Fig. 4) with a, b, c, dE F has b = s, c = t. 
FACT 5. Let H be a hole in F of length at least six, with vertices 
V 1, v?,..., vzl. If (v,, v3) E T, then there are adjacent vertices u, w  with 
Nv)n H= {ul, v,}, NW) n H= {v2, u3, v4). 
If (u,, 03) E T2 then there are nonadjacent vertices v, w  with 
NoI n H= (vl, v2, u3 >, NW) n H= {u2, 03, v4}. 
Proof If (v,, v3) E T, then Observation 2 guarantees that vi, v2 a are in 
a clique, and that vg, vq, dare in a clique. Hence, vu1 E E (by (ii) with v1v2a 
in case v1 #a) and wvq~ E (by (ii) with v,v,d in case v,# d). The desired 
conclusion follows from Fact 3. 
If (v,, V~)E T, then Observation 2 guarantees that vi, u2, a are in a 
clique, and that v3, vq. d are in a clique. Hence vvi E E (by (ii) with vlvza 
in case v1 #a) and WV~E E (by (ii) with v,v,d in case vq #d). Now we 
have vvi$ E for all i= 4, 5,..., 2t, and WV~I# E for all i = 5, 6 ,..., 2t, 1 (by 
Observation 1). 1 
FACT 6. Let H be a hole in F of length at least six, with vertices 
vi, v2 ,..., v2, such that (v,, v3) E T, u T,. If xv2 E E and xv3 E E for some ver- 
tex x then xvi E E or xv4 E E. 
Proof. Assume the contrary: xv1 4 E and .xvq I$ E. We shall use Fact 5 
and distinguish between two cases. 
Case 1. (v,, v3) E T,. 
We have xw E E (else v2 vi wx is a claw), as so xv E E (else wuxu4 is a 
claw). But then Fact 4 (with w  replaced by x) is contradicted. 
Case 2. (v,, v3) E T2. 
We have xv E E (else v3 vxvq is a claw) and xw E E (else v2 wxvl is a claw). 
Next we must have xvi $ E for i = 5, 6,..., 2t (else XDWU~ is a claw). But then 
is an odd hole, a contradiction. 1 
FACT 7. Every special clique consists of exactly two vertices. 
Proof We only need derive a contradiction from the assumption that 
some special clique K includes at least three vertices. 
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Case 1. K includes vertices b, c with (6, c) E T, 
Let x be a third vertex in K. By (ii) with wbcd, we have w  $ F, and so 
w  fx. By (ii) with bcx, we must have WXEE, vx$ E, dx$ E. But then wvxd 
is a claw, a contradiction. 
Case 2. K includes vertices 6, c with (b, c) E T2, 
By (i), some hole H in F passes through b and has length at least six. 
Observation 2 allows us to label the vertices of H as vi, Q,..., vzI in such a 
way that v2 = b and v3 E K; note that Observation 2 also guarantees that 
vl, v2, a are in a clique. We have vvi E E, wvr $ E (by (ii) with vlvza in case 
vi #a) and vvs EE, wv3 EE (by (ii) with v2v3c in case v3 #c). Next, we 
must have vvi& E for all i= 4, 5,..., 2t (by Observation I), and so wvq E E 
(else u3uwv4 is a claw), and finally WD~$ E for i= 5, 6,..., 2t, 1 (by Obser- 
vation 1). Let x be a vertex in K other than vz, zig. By (ii) we must have 
xv, $ E and xuq # E. This contradicts Fact 6. 1 
FACT 8. Every two special cliques are disjoint. 
Assume the contrary: some special cliques K, and K2 intersect. By (i), 
some hole H in F passes through the intersection and has length at least 
six; Observation 2 allows us to label the vertices of H as xi, x2,..., x2, in 
such a way that x2 E K, , x3 E K, n K2, xq E K2. By Fact 7, we have 
(xz,x,)~Tl or (x3,x2)~T1 or (-Q>x~)ET~ 
and also 
(x3, -4 E T, or (x,, x3) E T1 or (.x3, -L,) E Tz. 
Hence we have nine cases to consider; symmetry allows us to restrict our 
attention to the following six. 
Case 1. (x,, X~)E TI, (x,, xa)~ T,. 
Case2. (x,,x,)~T,, (x,,x,)~T,. 
Case 3. (x,, x3)s T1, (x,, X~)E T,. 
Case4. (x,,.x,)~T~, (x,,x,)~T,. 
Case 5. (x,, x2) E TI, (x3, x4) E T,. 
Case 6. (x,, xJ E T,, (~3, xcd E Tz. 
In each of these six cases, we shall let ul, wr (and v2, w2) stand for the ver- 
tices v, w  obtained by applying Fact 5 to the edge x2x3 (and x3x4): see 
Fig. 6. 
Case 1 is impossible because v2 would contradict Fact 6. 
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Case 1 (all vertices distinct) Case 2 (possibly w, = w,) 
Vl Wl Vl Wl 
Case 3 (possibly w, = vp) 
Vl Wl 
Case 4 (all vertices distinct) 
Wl Vl 
Case 5 (all vertices distinct) 
Wl Vl 
+lkv 
Case 6 (possibly w, = v,) 
Vl Wl 
Xl x2 x3 x4 x5 5 
v2 WP v2 w2 
FIG. 5. Cases 1-6. (N.B. vIvz, v,w2, w1v2, w,w2 may also be edges.) 
In case 2, we must have first viv? $ E (else V~X~X~X~D~ is an odd hole), 
and then wlv,$E (else w,ulx~vz is a claw) and w,v,$E (else w2v1x3v2 is 
a claw). In particular, W, # w2. But then wlwZe E (else .x2x1w1w2 is a 
claw), and 
xlvlwIwzv~x~~~~x** 
is an odd hole, a contradiction. 
In Case 3, we must have v1 w2$ E (else w2v1x3x5 is a claw), and then 
W, ~1~ E E, for otherwise 
is an odd hole. In particular, wi # v2. But then w1 v2 E E (else xzxi w1 v2 is a 
claw), and so v1 v2 E E (else W~V~V~W~ is a claw), and 
is an odd hole, a contradiction. 
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Cases 4 and 5 are impossible because u1 would contradict Fact 6. 
In Case 6, we must have u1 w2 $ E, for otherwise 
is an odd hole, Now u,v2 E E (else xxv1 uzwz is a claw) and w1 w2 E E (else 
-‘c3”lWlW2 is a claw). In particular, w1 #oz. But then wl VIE E (else 
x1x1 w, v2 is a claw), and 
is an odd hole, a contradiction. 1 
Proof of Claim 3. By Observation 2 and Fact 8, every vertex of F 
belongs to at least one normal clique. Hence we only need prove that every 
vertex outside F belongs to at least one C(K) such that K is normal. In fact, 
we only need prove that every vertex outside F is adjacent to at least two 
vertices in some normal clique; the rest will follow from (ii). 
For this purpose, consider an arbitrary vertex x outside F; by (iv), this 
vertex has a neighbour y in P, by (i), some hole H in F passes through y 
and has length at least six. Since x must be adjacent to at least one of the 
two neighbours of y on H (else y, x and the two neighbours would form a 
claw), we may label the vertices of H as vl, v*,..., vzt in such a way that 
y = v2 and xv2 E E, xv3 E E. Let K, denote the maximal clique of F that con- 
tains vi and vi+ 1. If K2 is normal then we are done; else K, and K, are both 
normal by Fact 8, and we only need prove that x E N(v,) u N(vq). But this 
is guaranteed by Fact 6. 1 
Recall that we call an edge x1x2 of G singular if there is no normal clique 
K with x1 E C(K), x2 E C(K). 
FACT 9. Let x1x1? be a singular edge. If K,, K, are normal cliques with 
x1 E C(K,), x2 E C(K,) then K, and K, must be disjoint. 
ProojI Assume the contrary. Now, by (i), some hole H in F passes 
through K, AK, and has length at least six; Observation 2 allows us to 
label the vertices of H as ul, v~,..., vll in such a way that v1 E K,, 
v2 E K, n K,, v3 E K2. Note that x1u3 $ E (else (ii) would imply x1 E C(K,), 
contradicting singularity of x1x2) and, similarly, xzvl I# E. By Fact 4, we 
must have xlvzl E E or x2vq E E or both; symmetry allows us to assume 
that x?v~EE. But then K2 is special (with a=vl, b=v2, c=v3, d=v4, 
v = x1, w  = x2) by Fact 3, a contradiction. 1 
FACT 10. For every two maximal cliques K,, K, of F, some hole in F 
uses an edge of K, and an edge of K,. 
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Prooj We have already observed that F is the line-graph of some 
bipartite graph B. Trivially, we may assume that B has no isolated vertices; 
now (i) guarantees that each vertex of B has degree at least two. In 
particular, if B had a cutpoint x then B-x would have no one-point 
components, and so all the edges of B incident with x would form a clique- 
cutset in F, contradicting (iii). Hence B is 2-connected; now Menger’s 
theorem guarantees that some cycle in B passes through the two vertices 
represented by K, and K2 in t;, this cycle yields the desired hole in F, 1 
In proving Claim 4, we shall also rely on the following fact, which is a 
strengthening of Observation 1. 
OBSERVATION 3. If H is a hole in G, with vertices ul, Us,..., uzr such that 
t 3 3, then each vertex of G has at most four neighbours in H. If a vertex 
has precisely four neighbours in H then these neighbours are 
v~, vi+l9 vj2 vj+l such that i and j have different parity. If a vertex has 
precisely three neighbours in H then these neighbours are three consecutive 
vertices of H. 1 
Once more, the proof is routine and left to the reader. 
Proof qf Claim 4. By Fact 10, some hole H in F uses an edge e, of K, 
and an edge e2 of K2; we only need prove that e, and e2 have the same 
colour. To put it differently, with u1 v? . . . v2, standing for H, we only need 
prove that e, = vivi+, and e, = v~v~+~ such that i and j have the same 
parity. Fact 9 guarantees that K,, K2 are disjoint, and so e,, e2 are disjoint. 
In particular, the desired conclusion follows trivially when H has length 
four, and so we may assume that H has length at least six. Note also that 
x2 cannot be adjacent to both endpoints of e, (else x2 would be adjacent to 
all the vertices of K, by (ii), and so x2 E C(K,), contradicting singularity of 
x,x,), and similarly x1 cannot be adjacent to both endpoints of e2. If 
xl~H> x2 E H then necessarily e, = vivi+ 1, x1=ui+1, -x2 = 7Jif2, 
e2 = vi+ zvi+ 3 for some i, and so we are done; hence we may distinguish 
between two cases. 
easel. x,EH, x,+!H. 
We have without loss of generality e, = v1v2 and x1 = v2~ Since xzvl 4 E, 
we must have x2v3~ E (else v2v,v3x2 is a claw). Now the desired con- 
clusion follows from Observation 3. 
Case 2. x1 $ H, x2 $ H. 
Subcase 1. The only neighbours of each xi in H are the endpoints 
of e;. 
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Without loss of generality, e, = r1u2 and e, = oiui+ r for some i with 
3 di<2t- 1. Since 
is a hole, i must be odd. 
u2 u3 . . . uix2x* 
Subcase 2.2. x, has precisely three neighbours in H, and x2 has at 
most three. 
Without loss of generality, x1 is adjacent to ur, v2, vj. Since x1.x2u1u3 is 
not a claw, we must have x2vl E E or .x2v3 E E or both; symmetry allows us 
to assume that xzvX E E. Note that x2 cannot be adjacent to all three 
vertices n3, vq, v5, for then 
would be an odd hole; hence the neighbours of x2 in H come from 
v,, v2, v3, vq. Since e,, e2 are disjoint, we must have e, =v1u2 and e2=v3v4. 
Subcase 2.3. x, has four neighbours in H. 
Without loss of generality, x, is adjacent to ur, u2, vi, II~+, such that i is 
even. Now by Fact 6, neither or va nor uiui+ 1 is special. Therefore, since 
x1x2 is singular, x2 must be nonadjacent in some y in (vr, v2} and to some 
z in {vi, vi+ I }. But then x,x,yz is a claw, a contradiction. 1 
Proof of Claim 5. Assume the contrary: there are singular edges xI+‘c2 
and x2x3 with .x1x3 6 E. By Claim 3, we have x2 E C(K) for some normal 
clique K. Since x1 x2 is singular, we have ?cl $ C(K); now Claim 1 guaran- 
tees that x1 is nonadjacent to at least one vertex in K; in turn (ii) implies 
that x1 is adjacent to at most one vertex in K. Similarly, x3 is adjacent to at 
most one vertex in K. On the other hand, each vertex x in K must be 
adjacent to at least one of x1, xj (else x2x1x3x would be a claw); we con- 
clude that K consists of vertices y and z such that yx, E E, zxl $ E, yx, $ E, 
zx3 E E. By (i), some hole H in F passes through y and has length at least 
six; Observation 2 allows us to enumerate the vertices of H as v,, [I~,..., 021 
in such a way that v3 = y, v4 =z. Note that X~V~E E (else v3v2x1v4 is a 
claw) and that 3c3v5 E E (else v4v3x3v5 is a claw). Now we shall distinguish 
between two cases. 
Case 1. .u,v,~E and x,v,$E. 
Now X,II~EE (by Fact4 with zj=xr, w=x2) and .u,u,~E (by Fact 4 
with v = .x2, IV = -x3). By Fact 3, N(xJ n H = {u3, u4}. But then 
v,X1x~x~U~‘~~v~r 
is an odd hole, a contradiction. 
Case 2. xzvz E E or .‘c2v5 E E. 
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By symmetry we may assume x2v5 E E. But then Fact 3 implies that v3v4 
is special (with a = v2, b=v3, c=v4, d=vs, v=xl, w = x,), a contradic- 
tion. 1 
Proof of Claim 6. Assume the contrary: some vertex v belongs to both 
C(K,) and C(K,). By Fact 10, there is a hole vr v2 . . . v2, in F such that v, v2 
is an edge of K, and some vjvj+ r is an edge of K,. Since K, and K, are dis- 
joint, the vertices vr, v2, vj, v,+ r are all distinct. Since v is adjacent to all of 
them, Observation 3 implies that j is even. But then vr v2 and vjvj+ , have 
different colours, a contradiction. 1 
5. REFINEMENT OF THEOREM 1. 
We shall call a graph peculiar if it can be obtained as follows. Begin with 
a complete graph K whose set of vertices is split into pairwise disjoint non- 
empty sets A,, B,, A?, B,, A,, B,. Then, for each i= 1, 2, 3, remove at 
least one edge with one endpoint in Ai and the other endpoint in B,, 1 (as 
usual, subscript 4 is interpreted as 1). Finally, add pairwise disjoint non- 
empty cliques K,, K,, K, and, for each i= 1, 2, 3, make each vertex in Ki 
adjacent to all the vertices in K- (Ai u Bj). (Note that every peculiar graph 
contains the graph of Fig. 2, and therefore is not elementary.) 
THEOREM 2. If a claw-free Berge graph has no clique cutset then it is 
either elementary or peculiar. 
The remainder of this section is devoted to a proof of Theorem 2. 
LEMMA 3. If a claw-free Berge graph G with no clique cutset is not 
elementary, then it contains an induced subgraph isomorphic to the graph in 
Fig. 2. 
ProoJ: By Theorem 1, G contains no hole of length at least five; now it 
follows that G contains a hole of length four. (The argument relies on a 
theorem of Dirac [2], asserting that every graph with no hole of length at 
least four has a clique cutset or else is complete; since G is not elementary, 
it is not complete.) Next, let F be any maximal subgraph of G such that 
a(F) = 2 and F has no clique cutset; note that the hole of length four has 
these properties, and so F is nonempty. Note also that Ff G since F is 
elementary. We shall distinguish between two cases. 
Case 1. Some vertex x outside F has two nonadjacent neighbours in F. 
Write y E D if y E F- N(x) and y is adjacent to all the rernaining vertices 
in F-N(x); set C= (F- N(x)) -D. The set of vertices of F splits into dis- 
joint cliques K, and K2; write N,= Kin N(x), Ci = Kin C, and Di= Kin D. 
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Since F+ x has no clique cutset, maximality of F implies a(F+ x) = 3; 
hence 
Note that 
no vertex in C, has a neighbour in N, 
(else there would be a claw centered at the neighbour in N2) and, similarly, 
no vertex in C, has a neighbour in N,. 
Now it follows that 
no vertex in C, has a neighbour in C2 
(else xb, c, c2b, with 6, E Ni, ci E Ci and b, b, $ E, cr ca E E would be a hole), 
and so 
DlfB and D,fiZI 
(if D, = @ then K2 - y would be a clique cutset in F whenever y E C2). 
Next. 
some vertex d, in D, has a non-neighbour a? in N, 
(else (Kz - y) LJ D1 would be a clique cutset in F whenever y E C,) and, 
similarly, 
some vertex d, in D, has a non-neighbour a, in N,; 
note that a1u2 E E (else xa,d, d,a, would be a hole). By assumption of this 
case, there are nonadjacent vertices b,, b, such that bj E Ni. Choose vertices 
cl, ca such that CUE Ci. We must have a,b,E E (else xa,c,d,b, would be a 
hole) and, similarly, a,b, E E; in particular, a, # b, and a2 # b,. Finally, 
d, b, E E (else xb, d, c,b, would be a hole) and, similarly, d,b, E E. But then 
x, a,, bl, cr, d,, a,, b,, c2, d, induce the graph of Fig. 2. 
Case 2. No vertex outside F has two nonadjacent neighbours in F. 
We shall show that this case cannot occur. To begin, note that there is a 
path ut, Q,..., U, with 
~1~6 uz, u3s.v u,-166 U,EF, and u,u,+E. 
(To see this, take any component Q of the graph induced in G by all the 
vertices outside F. Since G has no clique cutset, there are nonadjacent ver- 
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tices in F, each of which has at least one neighbour in Q.) ,4ssume that r is 
as small as possible; now the path is chordless and 
no ui with 3 < i < r - 2 has a neighbour in F 
(if ujx E F for some x in F then xul E E, XU, E E by minimality of r, and 
so xu1uju, is a claw). Write A =N(u~) n F, B= N(u,_,) n F, and 
C = F- (A u B). By assumption of this case, both A and B are cliques, and 
so u1 E A - B, U, E B - A; in particular, r > 4. Since F has no clique cutset, 
there is a path ur, v*,..., v, in F-(AnB) with v,EA-B, v,EB-A. 
Assume that s is as small as possible; now the path is chordless and 
v2, 03 ,..., us- I$ A u B. 
It follows that 
“102 “‘V,U,-l”‘U2 
is a hole; now (6) implies that r = 4. 
Finally, write C = F- (A u B) and note that C # 0 (else the subgraph 
of G induced by F along with u2, u3 has a = 2 and no clique-cutset, 
contradicting maximality of F). Now there is a path wi, u’~,..., w, with 
wl E A, ~2, w3,..., w,_~EC, w~EB, and w,w,$E. 
(To see this, take any component Q of C; since F has no clique cutset, 
there are nonadjacent vertices in A u B, each of which has at least one 
neighbour in Q.) Assume that t is as small as possible; now the path is 
chordless and trivially t 3 3. But then 
is a hole of length at least live, a contradiction. 1 
Now let G be a connected claw-free graph with an induced subgraph F 
isomorphic to the graph of Fig. 2 but without holes of length five or six; let 
S be the unique stable set of size three in F, and let wl, w2, w3 be the ver- 
tices in S. Routine (and a little tedious) arguments, left to the reader, yield 
the following conclusions. 
OBSERVATION 4. Each vertex x outside F is either a twin, in F+ x, of 
some vertex in F or else it is adjacent to all the vertices in F except for one 
Wi. 
OBSERVATION 5. If some x and some w, are twins in FT x then they are 
twins in G. 
176 CHVATAL AND SBIHI 
For each i= 1,2, 3, let M, stand for the set of vertices nonadjacent to wi 
but adjacent to the remaining two wj’s. 
OBSERVATION 6. Each Mi is a clique. 
OBSERVATION 7. For each choice of vl, v2, v3 such that u, E M,, at least 
two of vlvz, v2vg, vIv3 are edges of G. 
By Observations 4 and 5, each vertex outside 5’ either belongs to one of 
the sets M,, M,, M,, or else is a twin of some wi. To conclude that G is 
peculiar, we only need find an appropriate partition of each Mj into 
nonempty disjoint sets Ai and B,. To do so, set WE A, if and only if 
x E Mj and x is nonadjacent to at least one vertex in Mi+ 1, 
and write Bi = Mi - A i. Observations 6 and 7 guarantee that this partition 
has the required properties. 
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